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Existence of Second Order Discretizations on Irregular Mesh 
IRFAN ALTAS AND JOHN W. STEPHENSON 
Department of Mathematics, University of Saskatchewan 
Abstract. We give the necessary and snfllcient conditions to obtain a difference formula of 
order two on an arbitrary distribution of mesh points. We also show how to form a 6 point 
computational cell in the physical plane if the mesh is generated by a boundary fitted coordinate 
generation procedure. 
1. INTRODUCTION. 
In most partial differential equations, boundary conditions are the dominant influence on 
the character of the solution. However, the accurate representation of boundary values is 
lost when difference formulas designed for uniform mesh are used with irregular boundaries. 
In practise, this disadvantage is mostly avoided by using boundary fitted coordinate system 
procedures to generate meshes [e.g. 11. 
After generation of a mesh by means of a boundary fitted coordinate procedure, it is 
customary to transform derivatives with respect to Cartesian coordinates into expressions 
containing derivatives with respect to curvilinear coordinates. Then, derivatives in these 
expressions are discretized by using finite difference approximations on a uniform mesh. 
This approach eliminates the difficulty of solving the problem on an irregular mesh, but 
introduces some other problems like numerical viscosity and diffusion [l, 21. Numerical 
viscosity and diffusion terms might destabilize the solution [3]. However, these terms can be 
eliminated by discretizing the problem on the irregular mesh in the physical plane. Difference 
formulas on irregular meshes may also be needed when we apply adaptive mesh generation 
techniques [4, 51. 
Finding difference formulas on irregular meshes is equivalent to obtaining an interpolation 
polynomial. However, the multidimensional interpolation might not exist for some arbitrary 
selection of interpolation mesh points [6]. In the literature [7, 8, 91, several attempts have 
been made to choose the interpolation mesh points to obtain difference formulas. In these 
methods, there is either uncertainty about the existence of difference formulas or inefficiency 
in the selection procedure. In Section 2, we will give some two dimensional interpolation 
results which guarantee the existence of difference formulas on certain distributions of mesh 
points. In Section 3, we will discuss the existence of difference formulas when the irregular 
mesh is generated by a boundary fitted coordinate generation procedure. 
2. Two DIMENSIONAL FORMULA GENERATION. 
Consider a function u = u(z:,~) E C3 and a set of distinct points 2 = {(Q, yi) 1 i = 
0, 1, . . . , 5 and (ZO,YO) = (f&O)). LF rom the Taylor series expansion of ui = U(Q, yi) about 
(0,O) we have 
ui - uo = tiuz + yju, + ($)u.. +zjyju,y + g,u,, ) i= l,... ,5 (2.1) 
Here, we have neglected the remainder terms in (2.1). We may interpret (2.1) as a set of 
linear equations in 5 unknowns uo, uY, uzr, uZy, uYY . Now, the question is this: For what 
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choice of points zi = (zi, y;), i = 1, . . . ,5 does the System (2.1) have a unique solution? 
The answer to this question is implicit in the development given in [lo] and is contained in 
the following Lemma 2.1 and Theorem 2.2. 
Lemma 2.1 Let zi = (xi, yi) i = 0,. . . ,4 be points in the x-y plane. Let wj be the vectors 
Wj = {Xj,Yj, ($), Xjyj, ($)}I j= l,... ,4. If at most three of the points zi , i = 0,. . ,4 
lie on the same line in the x - y plaue, then the vectors wj , j = 1,. . . ,4 are linearly 
independent. 
We used the symbolic language, Maple, to assist us in proving this result. We formed 
ciwi + c2ws + csws + cdw4 = 0 and solved for cl,. . , ~4. We obtained the trivial solutions 
Cl = . . . =cq=o. 
Theorem 2.2 Let wj be defined as in Lemma 2.1. Let the points ti = (xi, yp.) , i = 0, . . . ,4 
be selected so as to satisfy the hypothesis of Lemma 2.1. Assume that dj , j = 1,. . . ,5 are 
the determinant values obtained by deleting the jth column of the matrix [WI, ~2, ~3, ~43~. 
Then, the System (2.1) I &as a unique solution if the Sth points, .z5, is not chosen on the conic - 
dlx - day + ($)x2 - d4xy + (+)y2 = 0 (2.2) 
Proof Let zs = (I, y). Then, the determinant of the coefficients of the System (2.1) can 
not be identically zero since the vectors {WI, 2~2, ws, wq} are linearly independent. So, the 
System (2.1) has a unique solution provided dlx - d2y + (4)x” - daxy + (*)y? # 0. 
3. DIFFERENCE FORMULAS ON IRREGULAR MESH OBTAINED FROM 
BOUNDARY-FITTED COORDINATE GENERATION PROCEDURES. 
Assume that we generate a uniform mesh consisting of 9 mesh points in the transformed 
plane by a boundary-fitted coordinate transformation T. Then, the irregular mesh points 
in the physical plane, obtained by using the transformation T, are as shown in Figure 3.1. 
+ 5=5( xe Y) 
. tl=tl(X,Y) 
FIGURE 3.1 - A TYPICAL MESH IN THE PHYSICAL AND THE TRANSFORMED PLANES 
Let 0 be the origin in the physical plane and zi = (xi, yi) , i = 1, . . . ,8 be the coordinates 
of the remaining points in the physical plane. Then, is it possible to choose 5 mesh points, 
including the origin, in the physical plane such that the hypothesis of Lemma 2.1 is satisfied? 
The answer to this question is contained in the following theorem. 
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Theorem 3.1 If the approximation of the Jacobian, J = y,,xc - ycx,,, of the transformation 
T by central, forward or backward difference expressions is nonzero, then we can not have 
more than three of the mesh points 0, 1,3,5 and 7 on a line in the physical plane. 
Proof We prove the contrapositive statement. If we assume that all of the mesh points 
1,3,5 and 7 are on a line, say y = mx + c with c # 0, then the central difference approxima- 
tion of the Jacobian is zero. Similarly, if any three of the mesh points lie on a line passing 
through the origin, say y = mx, then the forward (or the backward) approximation of the 
Jacobian would be zero. 
Now, if we can show that none of the remaining mesh points 2,4,6 and 8 are on the 
conic (2.2), defined by mesh points 1,3,5 and 7 in Theorem 2.2, then we can choose any 
of the points 2,4,6 and 8 as the gf” point in System (2.1). In that case, the difference 
approximations of derivatives in the physical plane will be the solution of (2.1). 
We prove that this is the case, at least for boundary-fitted coordinates, which are generated 
by a linear interpolation (i.e. one of the curvilinear coordinates is always a straight line). 
Theorem 3.2 Assume that transformation T is a linear interpolation and the five points 
of Lemma 2.1 are 0, 1,3,5, and 7. Let di, i = 1,. . . ,5 be as in Theorem 2.2 defined by the 
matrix [WI, w3, ~5, w7] T. Then the mesh points 2,4,6 and 8 are not on the conic (2.2). 
Proof Assume that the 7 coordinates are straight lines as shown in Figure 3.1. We know 
that the five points 0, 1,3,5 and 7 are on the conic and the coordinates of these points satisfy 
Equation (2.2). But the points 3,0 and 7 define a straight line, say 11. So, the conic (2.2) 
must consist of two straight lines. The second line, say 12, of the conic (2.2) is defined by 
the mesh points 1 and 5. 
We show that the mesh point 2 can not be on any one of these two lines. Assume that 
the point 2 is on 11. Then, two coordinate lines ni and qs should intersect each other. This 
is not allowed in any boundary fitted coordinate transformation. If it is on 12, then the 
coordinate line 111 and the line 12 coincide since they have another common point, namely 
the mesh point 1. This means the coordinate line 111 will intersect the coordinate line t2 at 
the mesh points 1 and 5. This is not allowed either. 
We can also show that the mesh points 4,6 and 8 can not be on the lines II and l2 by 
using similar arguments. 
Example 3.1 
auO,+buyy-u=O (3.1) 
We solve this problem in the unit circle by generating mesh (i) by linear interpolation and (ii) 
by Laplace system V2x = 0 and V2y = 0. The exact solution u = 100(&e”/fi+fiey/fi) 
where a = 200 and b = 200. Boundary conditions are obtained from the exact solution. We 
solve this example by using central difference approximation of derivatives on uniform mesh. 
In physical plane, we choose the mesh points 1,3,5 and 7 and the nearest one of 2,4,6 and 8 
for the System (2.1). The given errors in Table 3.1 are absolute maximum errors. 
Mesh No. Generated by 1 Physical Plane 1 Transformed Plane 1 
16 x 16 Linear Interpolation 21 x10-s 49 x10-4 
16 x 16 Laplace System 16 x~O-~ 19 x10-2 
Table 3.1 The Numerical Solution of Example 
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4. CONCLUSIONS. 
Theorem 2.2 indicates the type of mesh distribution on which a unique 2”d degree inter- 
polation polynomial can be obtained. For 3’d and higher degree interpolations, we need an 
analogue of Theorem 2.2 in order to obtain higher order difference formulas on an irregular 
mesh. This is a problem which we are working on. 
In Theorem 3.2, we proved the existence of the 6 point formula for the mesh generated 
by linear interpolation. That is, the results are valid if one of the curvilinear coordinates 
is a straight line. For other types of transformations, we were not able to generalize this 
result. However, we have used the 6 point difference formula in the physical plane in many 
examples and have not experienced any difficulty. Hence, we feel that one could generalize 
this result for other types of transformations. This topic is still under investigation. 
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